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Abstract

The analysis of large-scale data setsis rapidly becoming a central problem in phylogenetic
biology and molecular evolution. The algorithms for phylogenetic inference are extremely
difficult (NP-hard) for many popular estimation methods. Large datasets force the use of
heuristic agorithms that are sensitive to the structure of how the function value relates to the
function arguments. The relationship between the objective function value and function
argument is called the objective function landscape. By examining landscapes constructed
from real genetic data for the Maximum Parsimony function we characterized the variables
relevant to the success or failure of heuristic algorithms. As expected, the structure of the
objective function landscape became more complex and more difficult with increasing
numbers of taxafor all search graphs. There were increasing numbers of local optima,
decreasing size of the attraction basins, and decreasing correl ation between the depth of the
optima and their attraction basins. In particular, we found Nearest-Neighbor Interchange
search strategy to be inappropriate for heuristic searches. The trees at different local optima
can be quite different. We found atopological difference of 40-50% among local optima
differing by only 0.5-1.0% in tree length. This indicates a need for different heuristic
strategies for large-scale phylogenies such as stochastic search strategies, divide-and-

conquer, or direct incremental estimation.



8/26/2000 Kirkup and Kim

I ntroduction

Prior to recent times, computational limitations and data availability significantly restricted
the use of phylogenetic techniques. However, the infusion of molecular data and the
heightened general awareness of phylogenetic approaches are helping to rapidly expand the
available data for phylogenetic estimations and allowing researchers to tackle increasingly
larger problems. For example, Soltis et al. (1999) published an analysis of 560 species of
seed plants using the DNA sequence of three genes. The Ribosomal Database Project (RDP)
(Maidek et al. 2000) now contains more than 10,000 putative homol ogous sequences from
almost 2500 species. DNA sequencing is routine, phylogenetically useful genes are
continually being discovered, and whole genome comparisons are becoming popular (e.g.,
Adachi et al. 2000; Jobes et a. 1998; Ursing and Arnason 1998; Zardoya and Meyer 1998)
with the result that large-scale data sets are becoming commonplace. The analysis of large-
scale data setsis rapidly becoming a central problem in phylogenetic biology and molecular

evolution.

Large-scale phylogenies present great computational challenges. The algorithms for
phylogenetic inference are extremely difficult (NP-hard) for many of the popular estimation
methods such as the maximum parsimony method or the maximum likelihood method (Day
1983; Foulds and Graham 1982; Graham and Foulds 1982) requiring heuristic algorithms.
For smaller datasets, many heuristic procedures converge to the same solution. However, for
larger datasets, the choice of particular heuristic strategies can be extremely important (e.g.,
Chase et al. 1993; Lewis 1998). Most of the algorithms involve optimization of an objective

function of the form O(D,T) where D is the set of datasets and T is the set of binary tree
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topologies. For afixed dataset, d, the problem isto find the value of t, that
minimizes/maximizes O(d, t) for al tin T. The difficulty of the problem and the success of
the heuristic agorithms depend critically on the structure of the objective function with
respect to the argument, t, of the function. Most methods for numerically optimizing a
function start with some eva uations of the function over someinitial set of argument values
and then use the obtained information to evaluate the next set of argument values (Press et al.
1988). The information obtained at each evaluation of the objective functionisusually a
“local” information in the sense that the function value is evaluated around a small
neighborhood of a given argument value. The ultimate success of the heuristic algorithms
depends on how this local information relates to the global structure of the objective
function. If the objective function is smooth with respect to the argument values—i.e., like
rolling hills, then local information such as directions of stegpest ascent invariably lead to
globally optimal values. On the other hand, if the objective function is rugged like jagged
mountain ranges, local information may be poorly related to globally optimal values and

heuristic optimization procedures can become stuck on suboptimal solutions.

The critical structure is the neighborhood relationship of the objective function values with
respect to the neighborhood relationship of the argument of the function. This structureis
called the landscape of the objective function (cf. Fontana and Schuster 1998; Huynen et al.
1996; Rogers and Swofford 1999). Figure 1 shows examples of two objective function
landscapes where one on the left might be considered an “easy” landscape while the one on
the right might be considered “hard.” As mentioned, optimizing an objective function with a

hard landscape is difficult because most algorithms use local information to find the global
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optimal point. For example, standard hill-climbing agorithms evaluate the function at some
initial point then interactively climb towards the steepest direction of ascent. Rough
landscapes cause algorithms to become stuck at some local optimum rather than reaching the
global optimum. The optimization landscape affects not only greedy hill-climbing agorithms
but also many stochastic search algorithms (e.g., Larget and Donald 1999; Lewis 1998) since

they also use the information of local structure to modulate the search strategies.

Tree topologies are combinatorial structures with no natural notion of landscape structure
because the notion of neighborhoods of treesis not fixed. Search algorithms by necessity
impose an ordering on the tree topol ogies to organize the computations for finding the
optimum of the objective function. Ordering of the tree topologiesis usually achieved by
constructing a search graph. A search graph for tree estimation is a graph where the vertices
are binary tree topologies and the edges are neighboring relationship between trees. Figure 2
shows a search graph for five-taxon trees constructed by connecting an edge between al tree
topologies that differ by asingle internal edge (Nearest-Neighbor Interchange relationship,
Swofford et al. 1996). The optimization landscape for tree topologies is defined as the
structure of the objective function over the search graph. The landscape is rough and hard if
locally connected (by the edges of the search graph) tree topologies have disparate function
values. The discrete nature of the search graph makesit alittle difficult to intuitively picture
the objective function landscape, but the analogies to continuous objective functions are

useful and we will discuss our ideas in terms of continuous functions.
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Since there is no canonical construction for the search graph for tree topologies, many
different rules can be generated for its construction. For example, in PAUP* (Swofford 1998)
three different search graphs are implemented: Nearest-Neighbor Interchange (NNI), Subtree
Pruning and Regrafting (SPR), and Tree Bisection and Reconnection (TBR) (Swofford et al.
1996). These different methods produce increasingly more connected search graphs. The
average number of edges connected to a vertex defines the degree of connection of a search
graph. Increasing the connections of the search graph increases the number of tree topologies
in the neighborhood of any given tree topology. Increasing the connectedness of a search
graph is like taking a continuous objective function and smoothing the function by successive
application of a moving window (i.e., averaging the values over some interval). Since smooth
landscapes tend to be easier, highly connected search graphs are conducive to finding the
global optimum of the objective function. However, there is an obvious tradeoff in terms of
the amount of computation needed to determine the local neighborhood values of the
objective function. In the extreme, afully connected search graph has every tree as neighbors
to each other and will guarantee finding the global optimum at the cost of having the evaluate

al possible tree topologies.

Employing a completely connected search graph is not a heuristic procedure. A heuristic
algorithm attempts to find the best optimum while evaluating the smallest number of tree
topologies. Critical to the process this process is the structure of the objective function
around a given optimum (local or global). There are three features of interest for the structure
of the objective function: the depth, the slope, and the attraction basin. Depth simply refersto

the function value at the optimum. The slopeis alittle bit harder to define for a discrete
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structure like the search graph, but we use it to refer to how fast the function value changes
as we approach the optimum point. The attraction basin refers to the total set of tree
topologies from which we will reach the optimum using a greedy hill-climbing strategy.
Figure 3 shows these features using a continuous function analogy. For ahill-climbing
strategy, the size of the attraction basin is the most critical feature for achieving
computational efficiency. An attraction basin means that evaluating any single treein the
attraction basin is equivalent to evaluating every tree in the entire basin because all trees lead
to the same optimum. If the objective function landscape had the entire set of possible trees
as the attraction basin, we would be guaranteed of reaching the global optimum and we
would be able to do thisin a very efficient manner. Some heuristic methods such as
simulated annealing use the information in the slope of the function, in which case, itis

important for the optimum to have a steep slope as well as having alarge basin of attraction.

Larger datasets force the use of heuristic algorithms and those employing some kind of
search strategy are sensitive to the structure of the objective function landscape. The number
of binary tree topology grows extremely rapidly with respect to the number of terminal taxa
(Felsenstein 1978), thus, the search problem grows exponentially hard. A critical question
then is how the objective function landscape changes as the number of taxaincreases.
Ideally, features like the size of the attraction basin should keep up with the growth in the
size of the possible binary trees; it most likely does not keep up—»but then how does it scale?
The presence of local optimais a source of problem. How do the number of local optima
scale with the number of taxa? If a certain amount of computing effort was devoted to a

heuristic search with a 20-taxon tree, how much increase in the effort is needed at 30-taxon
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treesin order to have similar degree of satisfaction? In this paper, we attempt to answer these
guestions by examining the structure of the objective function landscape for the popular
Maximum Parsimony (MP) function. Our goal isto characterize the changes in the features
of the objective function landscape as the number of taxaincreases. We ask the rather naive
guestion of whether currently popular heuristics using search strategies is a reasonable

procedure for large-scale data sets.

Methods

Data Set

The structure of the objective function landscape is dependent on the dataset. Because of the
intensive computational effort needed for this project we chose a single dataset for our
investigations. This dataset is a 232 sequence/taxon rbcl dataset with 1850 aligned positions
originally distributed as a challenge dataset from the Green Plant Phylogeny Coordination

Group (http://ucjeps.berkel ey.edu/bryol ab/greenplantpage.html).

Software
PAUP* beta (4.0b1 for DOS, Fri Nov 13 19:02:03 1998) and custom scripts were used for all

computations. In al of the heuristic searches described below we used the following settings
in PAUP*: start=stepwise; addseg=random; randomize=trees; multrees=yes,; savereps=yes.

Steepest descent and rooting were not used.
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Design of the experiments
We first randomly sub-sampled the 232-taxon dataset to generate smaller datasets ranging in

size from 5 to 30 taxa. For each numbers of taxa and search graph, we sub-sampled 50
random replicate datasets. This project required over 2000 CPU hours (350 Mhz, Pentium)
and we encountered various computational problems including inevitable system crashes. For
NNI searches, too many local optima caused output overflow problems for larger numbers of
taxa. Therefore, in some of the results presented below only a partial set of the replicates
were analyzed (shown in Table 1). We initiated heuristic searches using each of the three
different search graphs generated by NNI, SPR, and TBR. In the following, we will call each
combination of dataset and search graph alandscape. For example, a particular 10-taxon
dataset with NNI search will be one landscape and the same data set with TBR search will be
adifferent landscape. We started the search at arandom tree topology and used hill-climbing
to reach the local optimum. This was repeated many times (between 5,000 to 10,000; Table
1) to assess how the different initial positions result in different optima. For a given optimum
tree T, the size of the attraction basin for that optimum was defined as the number of initia
positions resulting in the same tree T. For each landscape we kept track of the number of
different optima, the tree topologies, and the size of the attraction basin of each optimum.
Many of the optima contained multiple trees and were more of a*“plateau” than a peak (cf.
Maddison 1991). We a so noted the number of trees in each plateau for these cases. All
output was logged in averbose format and processed for the various statistics. Table 1 shows

the variables involved in the experimental design.
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Results

In the following, local optimum refers to any minimum length value tree found as the result
of ahill-climbing heuristic search starting from some random tree topology. We do not have
aguaranteed global optimum for the heuristic searches. Therefore, we will call the shortest
length found for a given landscape the minimum value and the corresponding tree(s) minimal
optima. We will also use NNI, SPR, and TBR to refer to the search graphs formed by using
these branch-swapping strategies. For a given combination of search graph and taxon size,
the averages are computed over the different replicate landscape samples taken from the 232-

taxon dataset.

Number of optima and length variation

Table 2a,b shows the average number of local optima and the number of minimal optima
found for NNI, SPR, and TBR from 10-taxon problems to 30-taxon problems. (For NNI at 20
taxa, SPR at 25 and 30 taxaand TBR at 30 taxa, only 5,000 random positions were examined
compared to 10,000 for the other treatments. Therefore, the numbers are doubled from the
raw datato allow comparison.) The average number of local optimais an increasing function
of numbers of taxa. For NNI at 20 taxa, 74% of the replicate searches resulted in adifferent
local optimum. The average number of local optimafor SPR and TBR did not increase as
dramatically; a new local optimum was found for every ~65-80 replicates at 30 taxa.

Nevertheless, given its continuous growth, the number of different local optimamay also

10
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become very large for SPR and TBR at higher number of taxa. The number of distinct optima
at the minimal length value also increased with the numbers of taxa as well as the number of

different tree topologies with the minimal length (Table 2b,c).

We aso examined the variation in the tree length at different optimafor a given landscape.
We computed the length of the trees at the different optima, measured the interquartile range
(75 percentile — 25 percentile) of this distribution and expressed it as a percentage of the
average length of the optima. For NNI, the values are 4.24%, 3.60%, and 3.79% for 10, 15,
and 20 taxa. Therefore, the % variation in the tree length at different optima remained
reasonably constant regardless of the numbers of taxa. For SPR the values are 0.08%, 0.37%,
0.50%, 0.40%, and 0.33%, and for TBR the values are 0.03%, 0.32 %, 0.60%, 0.44%, and
0.37% for 10, 15, 20, 25, and 30 taxa, respectively. Again, for both SPR and TBR, the
percent variation in the tree length at different optimais approximately constant irrespective

of the numbers of taxa and the variation is relatively low.

Attraction basin for local and minimal optima

The attraction basin for a given optimum, T, refersto the percentage of the random initial
treesending up a T with ahill-climbing algorithm. Table 3 shows the summary statistic
measuring the attraction basin size as afunction of number of taxa and search graph. The
first number in each cell of Table 3a shows the average size of the basins for al local optima
while the second number (bold) shows the average size of the largest attraction basin. For all

search graphs the average sizes of the basins decreases with increasing numbers of taxa

11
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indicating an increase in the complexity of the objective function landscape with increasing
numbers of taxa. The average size of the largest attraction basin also decreases with
increasing numbers of taxa. Asthe average size of the attraction basins shrinks, it becomes
increasingly important to test different random initial starting points. Table 3b shows two
numbers characterizing the size of the minimal optima. In each cell of the table, the first
number is the attraction basin of the minimal optima where the values were pooled if
multiple minimal optima were present. The second number in bold is the percent of the time
that the largest attraction basin was aso the minimal optimum. For both SPR and TBR, the
largest attraction basin was the minimal objective function value more than 90% of the time
while for NNI the percentage decreased significantly with increasing numbers of taxa. If the
objective function landscape is reasonably smooth, we expect a correlation between the size
of the attraction basins and the depth of the optima. We measured this correlation for al
landscapes where there were five or more local optima. Table 3c shows the results of this
computation. The values in parenthesis show the total number of landscapes with five or
more local optima. For TBR at 10 taxa, all landscapes resulted in less than five optimaand
we could not compute the correlation. As seen in the table, there is a high negative
correlation (i.e., shorter the tree, larger the attraction basin) at smaller numbers of taxa that
decreases with increasing numbers of taxa. The decrease in the correlation again shows that

the complexity of the objective function landscape increases with increasing numbers of taxa.

12
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Congruence of tree topology at different local optima

As shown in Table2, the number of different local optima range from a mean of 1.3 to ~7400.
The large number of different local optimais computationally problematic but the situation
may be still reasonable if the tree topologies at different local optimawere similar to each
other. We measured the similarities of the tree topologies at different local optima by
computing the average of the partition metric (Robinson and Foulds 1981) between al pair-
wise comparisons of thetrees at all local optima. The partition metric was then normalized
between O (al splits agree) and 1 (no splits agree) by dividing by the maximum possible
splits. The average normalized partition metric for NNI was 0.877, 0.834, and 0.790 for 10,
15, and 20 taxa. The average normalized partition metric for SPR was 0.422, 0.400, 0.482,
0.483, and 0.473 and for TBR was 0.329, 0.408, 0.518, 0.420, and 0.472 for 10, 15, 20, 25,
and 30 taxa, respectively. Thus, there did not seem to be an effect of the numbers of taxa on
how different the trees are at disparate local optima. On the other hand, the differencesin the
tree topology are rather large with nearly 50% average difference in splitsfor SPR and TBR

and more than 80% difference for NNI.

Discussion
As expected, the structure of the objective function landscape became more complex and
more difficult with increasing numbers of taxafor al search graphs. There were increasing

numbers of local optima, decreasing size of the attraction basins, and decreasing correlation

13
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between the depth of the optima and their attraction basins. The decreasing correlation is
especially troublesome. Unless the deeper optima also have larger attraction basins, they will
be difficult to find. On one hand, we did find that the largest attraction basins were the most
optimal solutions more than 90% of the time for SPR and TBR searches. On the other hand,

this also was a decreasing function of the number of taxa.

The disagreement of the tree topologies at different optimais especially problematic. For
SPR and TBR, the tree topologies at the different optima were different by at least 40-50% of
the splits. With NNI search graph, the tree topologies were different by almost al of the
splits. Our experimental design did not permit us to assess directly whether shorter trees are
more similar to the shortest trees. However, in the SPR and TBR search graphs, the lengths
of the treesin the local optima differed by less than 1% of each other. It is the nature of NP-
hard problems that solutions with similar objective function values may be arbitrarily
different from each other. However, since we have no guarantee of reaching the global
optima, usual tree searches will always end up at some local optimum. If thisloca optimum
bears no resemblance to the global optimum, the search problem will be hopeless. Therefore,
we operate under the ideathat thereis at least a statistical relationship between similaritiesin
the objective function value and the tree topology. Within the limited dataset we studied,
there does not seem to be avery strong relationship between the objective function value and
tree topology. This contrasts with simulation studies of large phylogenies (e.g., Hillis 1996)
that suggest local solutions are reasonable solutions. One possibility isthat smulation datais

less complex than the real data set we explored here. It is also possible that at trees at local

14
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optimawill tend towards greater resemblance at the more optimal end of the objective

functions. Future studies are needed to examine this possibility.

One of the goals of this study was to assess better heuristic strategies for large-scale
phylogenies. Given limited computational resources, questions are typically asked whether to
devote more time to examining different random initial positions, different search
neighborhoods, or entirely different class of search algorithms. It isalittle bit difficult to
answer these questions since different search graphs produce different statistical
characteristics of the objective function landscape. For example, at higher numbers of taxa
NNI search resulted in adifferent local optimum for almost every random initial tree. In such
cases, it may be computationally more efficient to simply evaluate random trees rather than
use any hill-climbing strategy. At any rate, our study shows that NNI cannot be
recommended as a heuristic strategy given the number of local optima, lack of correlation
between the attraction basin and the objective function value, and the topological difference
between the different optimal trees. The difference between SPR and TBR is minor. In our
analysis, the difference in computational time was about two-fold, which suggest that SPR

might be a reasonable generic search strategy.

Of the analysis presented here, the most important statistic is the decrease in the correlation
between the size of the attraction basin and the depth of the objective function. It islikely
that the “ peaks’ in the objective function landscape are becoming narrower as the number of
taxaincreases. One strategy to overcome thisisto try many different initial positionsto find

the more optimal solutions, but with limited computation time, such a strategy will

15
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increasingly fail since the probability of landing in the attraction basin of alarge peak
continues to decrease with the number of taxa. This suggests that more effort needsto be
spent finding strategies to “smooth” the objective function rather than evaluating many
different initial positions. Using an increasingly larger definition of neighborhoods such asin
the progression from NNI to SPR to TBR is one way to smooth the landscape. Because of
computational limitations, we were not able to thoroughly evaluate the efficacy of SPR or
TBR at higher numbers of taxa, but we suspect that even SPR or TBR will show rapid
degradation in landscape characteristics within a moderate increase of taxa. This seemsto
call for different heuristic strategies for large-scale phylogenies such as stochastic search
strategies, divide-and-conquer, or direct incremental estimation such as in the Neighbor-
Joining method. Extremely large phylogenetic problems already exist and many more are
looming on the horizon (e.g., the much debated project to estimate the entire tree of life).
Further understanding of the algorithmic problem and new solutions are desperately needed

to meet these challenges.
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Table 1. Experimenta design and computational time

Kirkup and Kim

#Taxa NNI2 SPR® TBR°
10 # ReArr® = 109.0 375.8 549.5
Time/Land® = 0.0086 0.013 0.018
# Land = 50 50 50
#Initia® =10000 10000 10000
15 405.3 3175.4 6024.0
0.0412 0.108 0.189
25 50 50
10000 10000 10000
20 1021.5 13661.5 30069.1
0.350 0.564 0.736
25 50 23
10000 10000 10000
25 N/A" 46696.6 78486.0
2.65 4.30
30 50
5000 10000
30 N/A" 71046.2 238942.3
4.22 6.59
28 42
5000 5000

17
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*Nearest-Neighbor Interchange search

PSubtree Pruning and Regrafting search

“Tree Bisection and Reconnection search

dAverage number of tree rearrangements to reach alocal optimum from agiven random
initial tree.

®Average computational time (in seconds) per search on a 350Mhz Pentium computer.
"Number of different landscapes analyzed

INumber of different initial trees analyzed per landscape

"No data were collected for these treatments as NNI searches resulted in all different local

optima and outflow error.

18
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Table 2. Scaling of the number of optima with respect to tree size for NNI, SPR, and TBR

search graphs

Kirkup and Kim

# Taxa # Local Optima®

# Minimal Optima”

Total # Minimal Trees®

10

15

20

25

30

NNI¢ SPR®  TBR'
1339 1.8 1.3
(10.93)° (0.21) (0.9
1646.7 3.9 3.8
(152.82) (0.51)  (0.41)
7396.4" 209 14.5
(402.18) (4.33)  (2.03)
N/A 1240" 196
(33.40) (2.94)
N/A 156.0"  129.4"

(52.98)  (24.40)

NNI
1.6
(0.17)
2.6
(0.45)
8.0
(1.42)

N/A

N/A

SPR
13
(0.08)
1.7
(0.22)
2.36
(0.28)
5.2
(0.92)
5.0

(1.00)

TBR
11
(0.05)
15
(0.12)
22
(0.35)
4.6
(0.44)
6.4

(1.28)

NNI
3.0
(0.41)
7.2
(1.98)
20.6
(6.83)

N/A

N/A

SPR
3.9
(0.51)
7.8
(1.98)
11.2
(2.08)
26.9
(8.85)
57.1

(29.84)

TBR
3.3
(0.45)
5.2
(0.93)
9.7
(3.44)
28.3
(5.56)
29.4

(5.90)

#_ocal optimum is defined as any optimum tree reached from arandom initial tree.

PMinimal optimum is defined as the shortest tree(s) reached from a set of random initial trees.

“The number of equally shortest tree in the minimal optima

Nearest-Neighbor Interchange search

®Subtree Pruning and Regrafting search

Tree Bisection and Reconnection search

19
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9Standard error
"These treatments only ¥ the random initial trees compared to the other treatments. The

numbers for these treatments were rescaled to be comparable.

20
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Table 3. Attraction basin statistics for NNI, SPR, and TBR search graphs

Averagesizeof all basins  Average size of minimal Correlation between depth

b

and the largest basin® basin and basin size

NNI SPR® TBR'  NNI SPR TBR NNI SPR TBR
10 1629 7490 8717 385 94.7 96.9 -0.405 -0.894 N/S

342" 856 938 8.0 980  98.0 CONNE)

15 008 4696 4347 145 903 836  -0210 -0642 -0.685
101 798 752 840 980 940 (25 (15 (17
20 003 1308 1434 41 773 716  -0177 -0538 -0.619

2.2 580 562 360 980 910 (290 (42 (20

25 824 1230 NA 645 709 N/A  -0458 -0.526
486 548 1000 920 27 (44)

30 327 495 N/A 572 624 N/A  -0430 -0.433
458 471 930 930 (28)  (45)

#9Average size of all basins over each landscape as well asthe hy argest attraction basinin a
given landscape. The values are given in terms of percent random initial treesending a a
particular optimum.

bi Average size of the basin with the minimal objective function value and the percent of the
landscapes where the optimum with the largest attraction basin was also the minimal

optimum.

21
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“The correlation between the tree length at a given optimum and the size of its attraction
basin. Only those landscapes with five or more local optima were included in the
computation.

YNearest-Neighbor Interchange search

®Subtree Pruning and Regrafting search

"Tree Bisection and Reconnection search

“The number of landscapes included in the computation of the correlation.

22
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Figure Legends

Figure 1. A schematic diagram of objective function landscape. The 'Y axes represent the
objective function value while the X axes represent the neighborhood relationship of the
search space. The landscape on the left is smooth and easier to optimize while the landscape

on theright is rugged and difficult to optimize.

Figure 2. Nearest-Neighbor Interchange (NNI) search graph for five-taxon trees. All 15
possible binary trees for five-taxon trees are shown as vertices of a graph. The tree topologies
are drawn in parenthesis format and labeled in the legend. The edges connect the tree

topologies that differ by asingle NNI operation.

Figure 3. Statistical characteristics of alocal optimum in alandscape. The depth of the
optimum is the difference of the optimal value from an average value. The slope of the
optimum is how fast the function value changes along the direction of the local optimum.
The attraction basin is the size of the base of the optimum where all trees within the

attraction basin are guaranteed to converge to the local optimum by a hill-climbing search.

23
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Smooth Rugged

Figure 1
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Figure 2
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