
Phylogenti
 trees: estimation by maximum likelihoodThere are four frequently-used approa
hes to phylogeneti
 tree es-timation. These are parsimony (dis
ussed in 
lass), the UPGMAmethod, the neighbor-joining method and the method of maximumlikelihood. Details of the UPGMA and the neighbor-joining methodwill not be dis
ussed here. In these notes we fo
us on estimation ofphylogenti
 trees by the method of maximum likelihood. This is theonly one of these four methods that is statisti
al: the other threemethods are algorithmi
.To understand how the maximum likelihood method of tree 
on-stru
tion works, we must �rst dis
uss maximum likelihood estima-tion as a general statisti
al pro
ess. This is done below. The dis
us-sion is very brief and overlooks many subtle points, whi
h we justignore.Maximum likelihood estimation: general 
on
eptsSuppose that we have some data D from some experiment orsurvey. The probability of these data is assumed to depend on someunknown parameter �, and so we write the probability, or likelihood,of the data D as L(D; �): We wish to estimate � using the data Dby the method of maximum likelihood.The value �̂ of � for whi
h L(D; �) is maximized (as a fun
tionof �) is 
alled the maximum likelihood estimator of �. This value isa fun
tion of the data D. Examples are given below.This estimator is often found by di�erentiating L(D; �) with re-spe
t to � and solving the equation dd�L(D; �) = 0: Care must beused with this pro
edure, sin
e the maximum might be rea
hed ata boundary point.In those 
ases where the maximum of L(D; �) is found throughthe di�erentiation pro
edure, it is equivalent, and often easier, tosolve the equation dd� logL(D; �) = 0: (1)The above is a very brief introdu
tion to the 
on
ept of maximumlikelihood estimation. We have used the generi
 symbol � for the1



unknown parameter in this pro
edure: in pra
ti
e, we normally em-ploy a notation that is typi
ally used in any spe
i�
 appli
ation ofthe theory. This is done in the examples below.Example 1. Supose we wish to estimate the re
ombination fra
tionbetween two gene lo
i. This re
ombination fra
tion is an unknownparameter, and the 
ommonly a

epted notation for it in the genet-i
s literature is �: We use this notation here instead of �:Consider n independent geneti
 transmissions from parent to o�-spring. ea
h of these results in either a re
ombinant transmission(R) (with probability �) or a non-re
ombinant transmission (N)(with probability 1� �). Suppose that n transmissions result in the
olle
tion NNRNRRN : : :NR: This 
olle
tion is our data D: Theprobability, or likelihood, of these data isL(D; �) = (1� �)(1� �)�(1� �)��(1� �) � � � (1� �)�: (2)This 
an be written as L(D; �) = �x(1� �)n�x; where x is the totalnumber of re
ombinant transmissions.The logarithm of L(D; �) is x log �+(n�x) log(1��): Di�erentiatingthis with respe
t to � and setting the derivative equal to zero, weget x̂� � n� x1� �̂ = 0:The solution of this equation is �̂ = xn : It 
an be 
he
ked thatthis 
orresponds to a maximum of L(D; �).Note that what we are saying is that our estimate of �; namely�̂; is xn : We still do not knopw what the exa
t true value of � is. Butat least we now have an estimate of that value.This is a 
ommon-sense estimate: if we see 23 re
ombinations in100 transmissions, it is natural to estimate the re
ombination fra
-tion � by 23100 : Note however that this is only an estimate of the truere
ombination fra
tion �; with another set of data we would almost2




ertainly get another estimate.Example 2. As a more 
ompli
ated example, suppose that x1; x2,: : : ;xn are independent observations, ea
h having a Poisson distributionwith parameter �. These values x1; x2; : : : ; xn are our data D: ThenL(D;�) =e���x1x1! � e���x2x2! � � � � � e���xnxn!= e�n��PxiQ(xi!) ;all sums and produ
ts in this example being over i = 1; 2; : : : ; n.Thus logL(D : �) = �n� + �X xi� log�� log�Y(xi!)�and dd� logL(D;�) = �n + P xi� : (3)This derivative is zero when �̂ = �x, the average of the valuesx1; x2; : : : ; xn. It 
an be 
he
ked that this 
orresponds to a max-imum of L(D;�). Thusmaximum likelihood estimator of � = �̂ = P xin = �x: (4)Maximum likelihood estimators 
an be shown to have many desir-able optimality properties, and be
ause of this they are used almostinvariably in s
ienti�
 estimation pro
edures. However these prop-erties apply only when the parameter � is a number. They do notapply if the parameter � is the topology of a phylogeneti
 tree, sin
ethis topology is a shape, not a number. Unfortunately, the proper-ties of maximum lieklihood estimation when used in the literaturein the 
ontext of phylogeneti
 tree estimation are often applied in-
orre
tly, be
ause 
laims are made about optimal estimation of treeshape when su
h 
laims should not be made.****************************3



We now return to the idea of using maximum likelihood in the 
on-text of phylogeneti
 tree estimation. Note that we use the word\estimation"; we are only estimating the tree from our data, and
annot be at all 
ertain that we are thereby re
onstru
ting the 
or-re
t tree. With di�erent data we might obtain a di�erent estimateof the tree. (The same 
omment applies for estimating a tree byparsimony, UPGMA and neighbor-joining. These all provide treeestimates, not tree re
onstru
tions.)We assume that the data used in the maximum likelihood methodare aligned DNA sequen
es in a 
olle
tion of spe
ies at the \leaves"of the tree to be estimated. An example is given below.Sin
e maximum likelihood estimation of anything must start froma likelihood of these observed data, we have to �nd a likelihood ofthe data. This likelihood 
omes from assuming some evolutionarymodel. In pra
ti
e, these models are highly simpli�ed and 
annotreally be expe
ted to des
ribe \reality." Three 
ommonly-used evo-lutionary models in the phylogenti
 
ontext are the Jukes-Cantormodel, the Kimura two-parameter model and the Felsenstein model.These are now brie
y des
ribed.The Jukes-Cantor modelSuppose we follow the predominant nu
leotide at any spe
i�
 sitein the line of des
ent leading from an original an
estor to some
ontemporary spe
ies. From time to time this nu
leotide type will
hange, for example from an a to a t or from a 
 to an a: The Jukes-Cantor model is a Markov 
hain model with four states, a; g; 
 andt. and is (for example) in state g if the predominant nu
leoti
e inthe population of interest is g. The transition matrix for the Jukes-Cantor Markov 
hain, with states written in the order a; g; 
 and t,is P = 26641� 3� � � �� 1� 3� � �� � 1� 3� �� � � 1� 3�3775 : (5)Here � is a parameter depending on the time-s
ale 
hosen: If unittime were 
hosen as 100,000 generations, � would take a value4



smaller than it would be if unit time were 
hosen as 200,000 gener-ations. Whatever time s
ale is 
hosen, it is 
learly ne
essary that �be less than 13 .The Kimura two-parameter modelThe highly symmetri
 assumptions impli
it in the Jukes{Cantormodel are not realisti
. A transition, that is, the repla
ement of onepurine by the other (for example of a by g) or of one pyrimidineby the other, is in pra
ti
e more likely than a transversion, that is,the repla
ement of a purine by a pyrimidine or of a pyrimidine by apurine. Kimura proposed a two-parameter model to allow for this.The transition matrix P for this model, with the same ordering ofstates as that used for the Jukes{Cantor model, is26641� �� 2� � � �� 1� �� 2� � �� � 1� �� 2� �� � � 1� �� 2�3775 : (6)Here � is the probability of a transition in one time unit, while � isthe probability that a purine is substituted by a nominated pyrimi-dine in one time unit and is also the probability that a pyrimidine issubstituted by a nominated purine in one time unit. It is requiredthat � + 2� < 1; and would normally be assumed that � > �.The Felsenstein modelA di�erent form of generalization was introdu
ed by Felsenstein.In this model the probability of substitution of any nu
leotide byanother is proportional to the \long-term" frequen
y of the substi-tuting nu
leotide. This implies a transition matrix P of the form26641� � + �'a �'g �'
 �'t�'a 1� � + �'g �'
 �'t�'a �'g 1� � + �'
 �'t�'a �'g �'
 1� � + �'t3775 ; (7)where ('a; 'g; '
; 't) are the \long-term frequen
ies" of a; g; 
 andt respe
tively, and � is a parameter of the model.5



This model generalizes the Jukes{Cantor model, to whi
h it re-du
es if 'a = 'g = '
 = 't = 14 ..We now assume that one or other evolutionary model has been 
ho-sen, and that the topology of the tree is given. Our aim is to �ndthe maximum likelihood estimate of the various arm lengths in thetree, given the assumed evolutionary model.This is done by writing down the likelihood of the data in termsof these lengths as parameters, and then maximizing this likelihoodwith respe
t to these lengths. This maximization pro
ess is, in pra
-ti
e, usually extremely diÆ
ult.When, as does happen in pra
ti
e, data from many sites are used inthe estimation pro
ess, many simplifying assumptions are, in pra
-ti
e, made. One su
h simplifying assumption often made is that thethe substitution pro
esses at di�erent sites within any spe
ies are de-s
ribed by the same sto
hasti
 model (for example, all are des
ribedby the Jukes-Cantor model and the same parameter � of that modelapplies at every site.) It is also essentially always assumed that theevolutionary pro
esses at di�erent sites are independent of ea
h an-other. This last assumption allows an analysis of the evolution atthe various sites separately, with an overall likelihood obtained bymultiplying individual site likelihoods.It is also frequently assumed that time homogeneity of the 
ommonsto
hasti
 pro
ess applies, and that di�erent spe
ies evolve indepen-dently.All of the above assumptions 
an hardly be expe
ted to approximatereality 
losely, and mu
h re
ent resear
h attempts to remove them orat least to assess the biases involved when they are in
orre
tly made.We now dis
uss an analysis in whi
h the all the above assumptionsare made. Initially, no spe
i�
 assumption is made below about theevolutionary model 
hosen. 6
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Suppose that we have data from �ve spe
ies s1; : : : ; s5 and that thetopology of the phylogeneti
 tree 
onne
ting them is as given in the�gure shown. At any parti
ular site the �ve respe
tive nu
leotidesin these �ve spe
ies 
omprise all the data available for this site.Consider �rst some spe
i�
 nu
leotide site. Denote these nu
leotidesat this site in the �ve spe
ies at the leaves of the tree by A, B, C,D, E. We do not know the nu
leotides at the internal nodes n0,n1, n2, and n3, nor do we know the lengths `1; : : : ; `8 of the variousarms in the tree. The aim of the pro
ess is to estimate `1; : : : ; `8;whi
h are lengths of time.Suppose that the nu
leotide at the root n0 is W and is �xed, anddenote the nu
leotides at the nodes n1, n2, and n3 by X, Y , and Z,respe
tively.There is a 
ertain likelihood for the arm lengths `1; : : : ; `8, derivingfrom whi
hever nu
leotide evolutionary model is 
hosen.Denote the probability of the nu
leotide W by 'W and the proba-bility, under the model assumed, of a substitution of nu
leotide Aby nu
leotide B after time ` by PAB(`):Then the joint probability that W is indeed the nu
leotide at theroot of the tree, that the nu
leotides X, Y and Z o

ur at the nodesas indi
ated, and that the arm lengths take the values `1; : : : ; `8 is7



'WPWX(`1)PWZ(`2)PXY (`3)PXC(`4)�PY A(`5)PY B(`6)PZD(`7)PZE(`8):Expressions of this form are now 
omputed for all 64 possible 
om-binations of nu
leotides at the internal nodes. The sums of theresulting expressions give the likelihood of `1; : : : ; `8 
onditional onthe assumption that the nu
leotide at the root of the tree isW . This
al
ulation is then made for all four possible nu
leotides values forW , and the sum of these four expressions is, for the site in question,the likelihood of `1; : : : ; `8:This pro
edure is now repeated over all the nu
leotide sites in thedata, and the overall likelihood is 
omputed from the produ
t of thevarious site likelihoods. This overall likelihood 
an now, at least inprin
iple, be maximized.This pro
edure 
an now be done, again in prin
iple, for all possi-ble topologies, and then the maximum likelihood tree is that whi
h,taken over all possible topologies, has the maximum likelihood.This des
ription glosses over extremely diÆ
ult 
omputational prob-lems, whi
h 
an be simpli�ed to some extent by various algorithmi
devi
es.It is 
lear that many assumptions and simpli�
ations are involvedin the pro
edure, some hightly dubious. Mu
h 
urrent resear
h isinvolved with relaxing these assumptions.************************ExampleIn this example we give a tree estimation using the four popular ap-proa
hes, namely parsimony, UPGMA, neighbor-joining and maxi-mum likelihood. The same data are used for ea
h approa
h. Thefour tree methods in e�e
t use di�erent optimality 
riteria, and thusthey will often produ
e di�erent trees even though using the same8



data. This is illustrated in this example, whi
h investigates the evo-lutionary relationships between 14 spe
ies of mammals, namelyMarsupial Mole Whale Inse
tivoreWombat Dolphin HumanRodent Pig Sea CowElephant Shrew Horse HyraxElephant BatThe DNA from these spe
ies used in the tree 
onstru
tion is fromthe interphotore
eptor retinoid binding protein. Sequen
es for the14 spe
ies were taken from Genbank, aligned using CLUSTAL W,and a 532 nu
leotide ungapped subalignment is used as input to thevarious tree algorithms. These data areg
t
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agaa
ttatat

t
aaa
aaatg
g
aggg

attgtggtggg
gag
gga
tgtgggggggg

ttgga

t

agaa
ttatat

t
aaa
agatgga
aggg

at
gtggtgga
gaa
gga
tgtgggggggg

ttgga

t

agaa

ta
at

t
aaa
agatg
g
aggg

attgtggt
gg
gag
gaa
tgtggggggtg


tgga

t

agaa
tta
at

t
aaa
agatg
g
agga

at
gtggtgggtgag
gga

gtgggaggtg


tgga

t

agaa
tta
at

t
aaa
agatg
g
aggg

attgtggtgggtgag
aga
tgtggggggtg


tgga

t

agaa
tta
at

t
aaa
agatg
g

ggg
tattgtggtggg
gag
aga
tgtggggg
tg
t
tgga

t

agaa
g
a
at

ttaag
agatg
g
aggg

at
gtggtggg
gag
gga
tgggggagggg


tgga

t

ggaatt
a
at

ttaag
agatggg
aggg

atagtggtggg
gagaaga
ggagg
aggtg


tg
a

t

agaat
ta
at

t
aag
agatggg
aggg

attgtggtagg
gag
gga

gagggtggtg


tgga

t

agaag
tg
g
at
ggt
agt
aga
ttttt
at
a
tgtg


gtgt
a
g
t


tgag




ttggtggggggagtg
tt
gtattggt
agt
aga
ttttt
at
a
tgtg


gtgt


gtt
t
tgag




t
agtggggggag
a
tgaggatagg

agt

aa
tt
tt

t
a
agtg

t
tgg
gatgt
t
tgggg

gatgggtggaggtgg
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g
taaggatag

aa
t
tga
tt
tt

t
a
t
ta

tgtgt

aggt

ttgggg

t
tgggtggagg
a

gatagg

a
t
tga
tt
tt

t
a
t
tg

tgtgt
taggt

ttagg




tggg
gggggaag

aga
agatagg

agt
tga
tt
ttt
t
a

gtg


gtgt

aggt


tgggg



tggg
aaggg
agt
aga
tgatagg

agt
tgagtt
ttt
t
a
agtg


gtgt

aggt


tgggg



tggg
aaggg
ag

aga
tgatagg

agt

ga
tt
ttt
t
a

gtg

tgtgt

aggt


tgggg



tgggtgaggg
ag

aga
agatagg

agt

ga
tt
tt

t
a

gtg


gtgt

aggt


tgggt
tg
g
gaggt

t
atg
ataa
gatagg

agt
tga
tt
tt

t
a
tgtg

tgtgt
taggt


tggggg
t
tgggtggggg
agg
aga
agatagg

agt
tga
tt
tt
at
a
t
tg

tgt
t

aggt
t
tgggga
t
tggg
ggggg
ag

aga
agatagg
gagt
tga
tt
tt
tt
a
ggtg


gtgt

aggt


tgggg



ttggtggagg
ag

aga
ggataggt
a
t
tgattt
ttt
t
a
t
tg

tgtgt

aggt

ttgggg

tttggg
aggggaag

aga
aaataggt
a
t
aga
tt
ttttt
a
t
tg

tgtgt

aggt
a
tggg



ttagg
aggggaag

aga
aThe tree estimation using the parsimony, maximum likelihood, UP-GMA, and neighbor-joining methods was 
arried out using PHYLIP(Phylogeny Inferen
e Pa
kage, Felsenstein (1980{2000)). This pa
k-age uses the Kimurs two-parameter model as the sto
hasti
 pro
essin the maximum likelihood approa
h. The trees found are as follows.It is interesting to note their di�eren
es and their similarities.

11



+--mars.mole +--------rodent+-------+ !! +--wombat ! +whale! ! +--+! +------rodent +--+ +--+ +dolphin! ! ! ! ! !! ! +whale ! ! +--+ +--pig! ! +--+ ! ! ! !--+ ! +--+ +dolphin ! +--+ +-----horse! +--+ ! ! ! !! ! ! +--+ +--pig ! ! +---bat! ! ! ! ! ! +--+! ! ! +--+ +----horse ! +----inse
tivore! ! ! ! ! !! ! +--+ +----human --+----human+---+ ! !! ! +---bat ! +----mars.mole! +--+ ! +----------+! +---inse
tivore ! ! +-wombat! +--+! +-----elph.shrew ! +-------elph.shrew! ! ! !+--+ +--elephant +--+ +--elephant! +--+ ! +--++--+ +--sea 
ow +--+ +---sea 
ow! !+---hyrax +---hyraxFigure 1: UPGMA and neighbor-joining trees
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+--inse
tivor +-wombat+-------------+ !! +--bat ! +--------rodent! ! +--+! +--------horse ! ! +----human+-+ +-----+ ! !! ! ! ! +-----pig ! +--+ +---sea 
ow! ! ! +--+ ! ! ! +--+! ! ! ! +--dolphin ! ! ! ! ! +---hyrax! +-+ +--+ ! ! +---+ +--+! ! +--whale ! +--+ ! +--elephant! ! ! ! ! !! ! +-----------human ! ! ! +------elph.shrew+--+ ! ! ! ! !! ! +--+ +-----sea 
ow ! ! ! +-----horse! ! ! +--+ ! ! +--+! ! ! ! ! +--hyrax ! +--+ ! +--pig! ! +--+ +--+ ! ! ! +--++--+ ! ! +--elephant ! ! ! ! +-dolphin! ! ! ! ! ! ! +--+! ! ! +--------elph.shrew +---+ ! +whale! ! ! ! ! !-+ ! +------------------rodent ! ! +----inse
tivor! ! ! !! +---------------------wombat ! +---bat! !+------------------------mars.mole +----mars.moleFigure 2: Parsimony and Maximum Likelihood trees
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Sequen
e alignment: statisti
al aspe
tsSuppose we have two aligned DNA sequen
es su
h as those in (8)below, perhaps from two di�erent spe
ies, where the arrows indi
atepaired nu
leotides that are the same in both sequen
es.# # # # # # # # # # #g g a g a 
 t g t a g a 
 a g 
 t a a t g 
 t a t ag a a 
 g 
 
 
 t a g 
 
 a 
 g a g 
 
 
 t t a t 
 (8)We wish to assess whether the two sequen
es show signi�
ant sim-ilarity, arising for example be
ause they have a remote 
ommonan
estor.If the sequen
es were ea
h generated at random, with the four let-ters a, g, 
, and t having equal probabilities of o

urring at anyposition, then the two sequen
es should tend to agree at about onequarter of the positions. The two sequen
es above agree at 11 outof 26 positions. How unlikely is this out
ome if the sequen
es weregenerated at random? Under the assumptions of equal probabilitiesfor a; g; 
, and t at any site, and independen
e of all nu
leotides in-volved, the probability that there will be 11 or more mat
hes in asequen
e 
omparison of length 26 is found from the binomial distri-bution with \p" = 1/2 and \n" = 26, and is approximately 0:04.Therefore, our observation of 11 mat
hes gives eviden
e that some-thing other than 
han
e is at work. But is this the best way ofassessing the signi�
an
e of the similarity of the two sequen
es?Next, as noted above, our interest in the two sequen
es is that theymight both be derived from a 
ommon an
estor. But in the 
ourseof evolution from this purported 
ommon an
estor to the two se-quen
es, insertions and deletions in the DNA sequen
es 
an arise.We should allow for this possibility in our analysis. For example, ifthe two sequen
es areg g a g a 
 t g t a g a 
 a g g t a 
 t g 
 t a t ag a g g 
 t g t a g a 
 a 
 g t g 
 t g t t a t a t (9)the alignment is not good, but if we insert a gap as shown below,g g a g a 
 t g t a g a 
 a g g t a 
 t g 
 t a t ag a � g g 
 t g t a g a 
 a 
 g t g 
 t g t t a t a (10)14



there is a very good alignment. How do we allow for giving our-selves the 
han
e to insert this gap in our statisti
al assesment ofthe signi�
an
e of the alignment?As another problem, it was in e�e
t assumed that the two sequen
esare already aligned so that a \straightforward" test 
an be done. Butin pra
ti
e, what often happens is that the �rst sequen
e is only asub-sequen
e of a mu
h longer sequen
e A, and the se
ond sequen
eis only a sub-sequen
e of a mu
h longer sequen
e B, and these twosub-sequen
es represent the best mat
h between any part of A andany part of B. In this 
ase the statisti
al test has to re
ognize thisand make allowan
e for it in the signi�
an
e level that it attributesto the mat
h. Thus if sequen
es A and B and ea
h several thou-sand nu
leotides long, the mat
h found above, as the best possiblebetween these two sequen
es, would no longer be signi�
ant. Howdo we allow for this e�e
t?Statisti
s also 
on
erns the optimal methods of analyzing data. Asigni�
ant 
omponent of this optimality requirement is the appro-priate 
hoi
e of what is to be 
omputed from the data in order to
arry out the statisti
al analysis. Should we fo
us on the total num-ber of mat
hes (in this 
ase, 11) between the two sequen
es? Shouldwe fo
us on the size of the longest observed run of mat
hes (here 3,o

urring in positions 9{11 and also positions 23{25)? BLAST, themost frequently used statisti
al method for assessing the similarityof two sequen
es, uses neither of these quantities. Why?We address these questions in the material below.We �rst distinguish between global and lo
al alignments. Our 
on-
ept of these will be rather di�erent from that given in the \algo-rithmi
" le
tures. In our 
ase, we think of a global alignment asthe unique alignment of two sequen
es of the same length. If thealignment in (8) is global, then statisti
al theory together with thebinomial distrribution leads dire
tly to the optimal test of similaritybetween the two sequen
es. This is in e�e
t the test given above:we 
ount the number of mat
hes of nu
leotides in 
orresponding po-sitions between the two alignments, and if this is signi�
antly largewe say we have eviden
e that the alignment is non-random.15



The above leaves several matters unresolved. First, we have to makeassumptions about independen
e of the nu
leotides at the varioussites, and se
ond we have to make asumptions about the frequen-
ies, or probabilities, of the various nu
leotides. The 
al
ulation0:04 made in 
onne
tion with (8) assumed that the nu
leotides atthe di�erent sites are independent of ea
h other, and that the prob-ability that any nominated nu
leotide o

urs in any spe
i�
 positionis 1=4: In pra
ti
e these might not be reasonable assumptions.Next, how do we do the 
al
ulations when we allow ourselves theluxury of inserting as many gaps as we like, in one or other sequen
e,so as to maximize the number of mat
hes? For example, 
onsiderthe mat
h of two sequen
es of tosses of two fair 
oins. We say thata mat
h o

urs at toss j if the out
ome of toss j on 
oin 1 is thesame as the out
ome of toss j on 
oin 2 (that is, both heads or bothtails.) We might get, with 20 tosses of ea
h 
oin:-

16




oin 1 : H H T T H H H T H T T H T T T H H T H T
oin 2 : H T H T T T H T T T H H H T T H T H T T(10 mat
hes)It is easy to use the binomial distribution to assess whether thennumber of mat
hes is signi�
antly large 
ompared to what is ex-pe
ted if the two sets of tosses are random with respe
t to ea
hother. With the above data it is not: the number of mat
hes is, asit happens, equal to the mean value of 10 expe
ted under random-ness.By inserting gaps we 
an in
rease the number of mat
hes from 10to 15:-
oin 1 : H � H T T H H H T H T T H � � T T T H � H T H T
oin 2 : H T H T T T H � T � T T H H H T T � H T H T � T(15 mat
hes)How 
an we test whether the observed number of 15 is signi�
antlylarge? No-one knows the answer to this question, sin
e the probabil-itry distribution of the number of mat
hes when optimal insertionof gaps is allowed is not known.All the above refers to global alignments. It might be 
laimed thatwe should fo
us instead on lo
al alignments. The reason for this viewis that evolution 
auses gaps, deletions and various other 
hanges,and we should thus look only at lo
al alignments. For example, we
ould 
ompare two DNA sequen
es, and look at the length of thelongest subsequen
e in whi
h there are no mismat
hes. In the 
aseof the 
omparison in (8), this length is 3, as noted above. Moregenerally we 
ould look at the length of the longest subsequen
e inwhi
h there are at most (say) 2 mismat
hes. We do not 
onsider17



these approa
hes, sin
e in pra
ti
e the two sequen
es that we wishto 
ompare are rarely aligned, and a more general approa
h, whi
hautomati
ally has to use lo
al alignments, is needed.So �nally we 
onsider 
ases when there is no natural alignment be-twen the two sequen
es being 
ompared. One obvious reason whythis might happen is that the two sequen
es might be of quite di�er-ent lengths. This in fa
t happens in the 
omparison of a query se-quen
e, of length maybe 1000 nu
leotides, with a data base sequen
eof length maybe 109 nu
leotides. This is the problem addressed byBLAST, and we now outline the BLAST approa
h to this problem.In doing so we will 
onsider the 
ase of 
omparing a query aminoa
id sequen
e with an amino a
id database sequen
e, whi
h is themost frequently arising 
ase in pra
ti
e.We start with a (partial) BLAST output.BLASTP 1.4.10MP-WashU [29-Apr-96℄ [Build 22:25:52 May 19 1996℄Query= gi|557844|sp|P40582|YIV8_YEAST HYPOTHETICAL 26.8 KD PROTEIN IN HYR13'REGION.(234 letters)Database: SWISS-PROT Release 34.059,021 sequen
es; 21,210,388 total letters.----------------------------------------------------------------------SmallestSumHigh ProbabilitySequen
es produ
ing High-s
oring Segment Pairs: S
ore P(N) Nsp|P46429|GTS2_MANSE GLUTATHIONE S-TRANSFERASE 2 (EC 2.... 53 0.010 3sp|P46420|GTH4_MAIZE GLUTATHIONE S-TRANSFERASE IV (EC 2... 70 0.14 1sp|P41043|GTS2_DROME GLUTATHIONE S-TRANSFERASE 2 (EC 2.... 54 0.19 2sp|P34345|YK67_CAEEL HYPOTHETICAL 28.5 KD PROTEIN C29E4... 50 0.42 2sp|Q04522|GTH_SILCU GLUTATHIONE S-TRANSFERASE (EC 2.5.... 62 0.87 118



---------------------------------------------------------------------->sp|P46429|GTS2_MANSE GLUTATHIONE S-TRANSFERASE 2 (EC 2.5.1.18) (CLASS-SIG).Length = 203S
ore = 53 (24.4 bits), Expe
t = 0.010, Sum P(3) = 0.010Identities = 10/19 (52%), Positives = 15/19 (78%)Query: 167 ISKNNGYLVDGKLSGADIL 185I+KNNG+L G+L+ AD +Sbj
t: 136 ITKNNGFLALGRLTWADFV 154S
ore = 46 (21.2 bits), Expe
t = 0.010, Sum P(3) = 0.010Identities = 8/21 (38%), Positives = 13/21 (61%)Query: 45 PELKKIHPLGRSPLLEVQDRE 65PE K P G+ P+LE+ ++Sbj
t: 39 PEFKPNTPFGQMPVLEIDGKK 59S
ore = 36 (16.6 bits), Expe
t = 0.010, Sum P(3) = 0.010Identities = 8/26 (30%), Positives = 12/26 (46%)Query: 202 EDYPAISKWLKTITSEESYAASKEKA 227E YP K ++T+ S A + ASbj
t: 173 EQYPIFKKPIETVLSNPKLKAYLDSA 198>sp|P46420|GTH4_MAIZE GLUTATHIONE S-TRANSFERASE IV (EC 2.5.1.18) (GST-IV)(GST-27) (CLASS PHI).Length = 222S
ore = 70 (32.3 bits), Expe
t = 0.15, P = 0.14Identities = 17/56 (30%), Positives = 27/56 (48%)Query: 18 RLLWLLDHLNLEYEIVPYKRDANFRAPPELKKIHPLGRSPLLEVQDRETGKKKILA 73R L L+ ++YE+VP R PE +P G+ P+LE D + + +ASbj
t: 18 RALLALEEAGVDYELVPMSRQDGDHRRPEHLARNPFGKVPVLEDGDLTLFESRAIA 73
19



>sp|Q04522|GTH_SILCU GLUTATHIONE S-TRANSFERASE (EC 2.5.1.18) (CLASS-PHI).Length = 216S
ore = 62 (28.6 bits), Expe
t = 2.1, P = 0.87Identities = 15/43 (34%), Positives = 21/43 (48%)Query: 18 RLLWLLDHLNLEYEIVPYKRDANFRAPPELKKIHPLGRSPLLE 60R+L L +LE+E VP A P ++P G+ P LESbj
t: 15 RVLVALYEKHLEFEFVPIDMGAGGHKQPSYLALNPFGQVPALE 57----------------------------------------------------------------------Matrix name Lambda K H--------------------------------------BLOSUM62 0.320 0.137 0.401What does all this mean? The BLAST output above relates toamino a
id sequen
es, but it is easiest to explain what is happeningby 
onsidering DNA (i.e. nu
leotide) sequen
es.Consider the 
omparison of two DNA sequen
es given in (8) above.Suppose we give a s
ore +1 if the two nu
leotides in 
orrespondingpositions are the same and a s
ore of �1 if they are di�erent. Aswe 
ompare the two sequen
es, starting from the left, we 
an 
al
u-lated the a

umulated value of these s
ores. This a

umulated valueperforms a simple random walk, with steps of �1. The walk in theabove example is depi
ted graphi
ally in Figure 3 (see next page).The �lled 
ir
les in this �gure relate to (downwards) ladder pointsin the walk, that is to points in the walk lower than any previouslyrea
hed point.
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Figure 3:We use the term \upwards ex
ursion" to des
ribe that part of thewalk between two 
onse
utive ladder points, relative to the �rst su
hpoint. We will be interested in the maximum height (relative to the�rst of the two ladder points) of this upwards ex
ursion. (If the walkpro
eeds immediately from one ladder point to the next, as happensoften, this height is taken as 0.) Simple BLAST theory uses as teststatisti
 the maximum height a
hieved by the various ex
ursions rel-ative to the various ladder points from whi
h they started. In Figure3 the observed values of the heights of the various upward ex
ur-sions shown are, respe
tively, 1, 1, 4, 0, 0, 0, 3, with a maximum of 4.In the above 
ase, this value of 4 would be \SCORE", or\HIGH SCORE", in the BLAST output.This is a quite di�erent statisti
 thasn a total number of mat
hes orthe length of the longest sequen
e of mat
hes, both dis
ussed above.In pra
ti
e BLAST theory relates to 
ases that are mu
h more 
om-pli
ated than this simple example. It is most often applied, forexample, to the 
omparison of two protein sequen
es. In this 
aseit uses s
ores (that is, step sizes in the random walk) given by theentries in a 20� 20 substitution matrix su
h as those given in theBLOSUM62 substitution matrix shown in Table 1 on the followingpage. (The twenty letters in this table refer to the twenty aminoa
ids, in a generally a

epted notation.) The derivation of theses
ores derivesd from statisti
al theory and will be not be dis
ussedhere - we will just take them as given.For example, if the s
ore for any amino a
id 
omparison is found21



A R N D C Q E G H I L K M F P S T W Y VA 4 �1 �2 �2 0 �1 �1 0 �2 �1 �1 �1 �1 �2 �1 1 0 �3 �2 0R �1 5 0 �2 �3 1 0 �2 0 �3 �2 2 �1 �3 �2 �1 �1 �3 �2 �3N �2 0 6 1 �3 0 0 0 1 �3 �3 0 �2 �3 �2 1 0 �4 �2 �3D �2 �2 1 6 �3 0 2 �1 �1 �3 �4 �1 �3 �3 �1 0 �1 �4 �3 �3C 0 �3 �3 �3 9 �3 �4 �3 �3 �1 �1 �3 �1 �2 �3 �1 �1 �2 �2 �1Q �1 1 0 0 �3 5 2 �2 0 �3 �2 1 0 �3 �1 0 �1 �2 �1 �2E �1 0 0 2 �4 2 5 �2 0 �3 �3 1 �2 �3 �1 0 �1 �3 �2 �2G 0 �2 0 �1 �3 �2 �2 6 �2 �4 �4 �2 �3 �3 �2 0 �2 �2 �3 �3H �2 0 1 �1 �3 0 0 �2 8 �3 �3 1 �2 �1 �2 �1 �2 �2 2 �3I �1 �3 �3 �3 �1 �3 �3 �4 �3 4 2 �3 1 0 �3 �2 �1 �3 �1 3L �1 �2 �3 �4 �1 �2 �3 �4 �3 2 4 �2 2 0 �3 �2 �1 �2 �1 1K �1 2 0 �1 �3 1 1 �2 �1 �3 �2 5 �1 �3 �1 0 �1 �3 �2 �2M �1 �1 �2 �3 �1 0 �2 �3 �2 1 2 �1 5 0 �2 �1 �1 �1 �1 1F �2 �3 �3 �3 �2 �3 �3 �3 �1 0 0 �3 0 6 �4 �2 �2 1 3 �1P �1 �2 �2 �1 �3 �1 �1 �2 �2 �3 �3 �1 �2 �4 7 �1 �1 �4 �3 �2S 1 �1 1 0 �1 0 0 0 �1 �2 �2 0 �1 �2 �1 4 1 �3 �2 �2T 0 �1 0 �1 �1 �1 �1 �2 �2 �1 �1 �1 �1 �2 �1 1 5 �2 �2 0W �3 �3 �4 �4 �2 �2 �3 �2 �2 �3 �2 �3 �1 1 �4 �3 �2 11 2 3Y �2 �2 �2 �3 �2 �1 �2 �3 2 �1 �1 �2 �1 3 �3 �3 �2 2 7 �1V 0 �3 �3 �3 �1 �2 �2 �3 �3 3 1 �2 1 �1 �2 �2 0 �3 �1 4Table 1: The BLOSUM62 substitution matrixfrom the BLOSUM62 substitution matrix in Table 1, then for thealignment T Q L A A W C R : : :R H L D S W R R : : : (11)the respe
tive s
ores are �1, 0, +4, �2, +1, +11, �3, +5, . . . , andtherefore the graph of the random walk des
ribed by the a

umu-lated s
ore goes through the points(1;�1); (2;�1); (3; 3); (4; 1); (5; 2); (6; 13); (7; 10); (8; 15); : : : (12)As for the simple �1 walk, the quantity \SCORE" (or \HIGHSCORE") used in BLAST as applied to amino a
id data is theheight of the largest upwards ex
ursion following a ladder point rel-ative to that ladder point, before the walk rea
hes the next ladderpoint. Sin
e the possible steps in the walk depend on the substi-tution matrix 
hosen, it is ne
essary for the statisti
al theory ofBLAST to 
onsider arbitrary s
oring s
hemes and thus aspe
ts of22



the theory of random walks with an arbitrary array of possible stepsizes. This theory is very 
ompli
ated.The only other quatity that we 
onsider in the BLAST output is\P". This is a P -value. This is the probability, assuming that thetwo sequen
es being 
ompared are 
ompletely random with respe
tto ea
h other, of gettiung a value of \SCORE" equal to or largerthan that observed. A suÆ
iently low P -value leads us to 
laim thatthere is a signi�
ant similarity between the two sequen
es.Compli
ationsThe above 
al
ulations ignore many 
ompli
ations whi
h arisein pra
ti
e in BLAST. These 
ompli
ations arise in part be
ausefo
using on the largest s
ore loses information provided by otherhigh s
ores. Here BLAST usesthe \SUM" of one, two three, orsome other small number of su
h s
ores. The quantity \N" in theBLAST output indi
ates how many su
h s
ores are used in the sum.Another 
ompli
ation arises be
ause the database with whi
h thequery sequen
e is 
ompared 
onsists in pra
ti
e of a large numberof 
omparatively short sequen
es, of varying lengths, and with noautomati
 alignment of the query with any part of these. These
ompli
ations are all allowed for in the BLAST 
al
ulations.
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